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Abstract 

We study the Berry phase in neutrino oscillations for both Dirac and Majorana neutrinos. In 
order to have a Berry phase, the neutrino oscillations must occur in a varying medium, the neutrino- 
background interactions must depend on at least two independent densities, and also there must 
be CP violation if the neutrino interactions with matter are mediated only by the standard model 
W and Z boson exchanges which implies that there must be at least three generations of neutrinos. 
The CP violating Majorana phases do not play a role in generating a Berry phase. We show that a 
natural way to satisfy the conditions for the generation of a Berry phase is to have sterile neutrinos 
with active-sterile neutrino mixing, in which case at least two active and one sterile neutrinos are 
required. If there are additional new CP violating flavor changing interactions, it is also possible 
to have a non-zero Berry phase with just two generations. 
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I. INTRODUCTION 



In the past decade, great progress has been made in the study of neutrinos. One of 
the most important achievements is the observation of neutrino oscillations Q]- If different 
species of neutrinos have different masses and also mix with each other neutrino oscillations 
can occur in vacuum!2| and also in matter|3|]. The oscillation effects are closely related to 
the phases of neutrino fields. 

In quantum mechanics, particle wave functions satisfy the Schrodinger equation. Once 
the Hamiltonian of the system is known, the evolution of a quantum system is determined. 
Berry has shown that if the Hamiltonian depends on time via a set of adiabatic param- 
eters, besides the usual dynamic phase, a non-dynamic phase (the Berry phase) will also 
be developedjj]. Neutrino oscillations in matter, where the varying matter density plays 
the role of the adiabatic parameters, fit such a situation nicely. When the neutrinos move 
through a medium, a Berry phase is then expected to be generated. 

In this work we study the conditions with which a Berry phase can be developed in 
neutrino oscillations when passing through a medium. We will consider Dirac and Majorana 
neutrinos with both active and active-sterile neutrino mixing, and also study cases with new 
CP violating flavor changing interactions. We find that in order to generate a Berry phase , 

• there must be CP violation, 

• but the CP violating phases peculiar to Majorana neutrinos do not contribute, 

• there must be three neutrino generations if neutrinos interact with the medium only 
through W and Z exchanges, and 

• the neutrino-background matter interaction must depend on two independent densi- 
ties, such as the electron and neutron densities (which requires interactions beyond 
the standard model, or the introduction of sterile neutrinos), or the electron and 
background neutrino densities (which is possible in such astronomical objects as su- 
pernovae). 

We find that active and sterile neutrino mixing can provide a natural realization of all the 
conditions listed above due to different interactions of the Z boson with active and sterile 
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neutrinos. If there are new interactions of neutrinos with matter, it is possible to have a 
Berry phase with just two neutrinos. 

Several authors have considered the phase properties in neutrino oscillations 0, 0]. Our 
discussions follow Berry's definition of Berry phase in terms of a parametric dependence of 
the Hamiltonian, and the phase depends on motion through a loop in parameter space [" 



This is in contrast to Ref. lal who used a different definition due to Ref. l7|l which will not be 
discussed here. 

The conditions of generating a Berry phase with Dirac neutrino oscillation in matter with 
the standard W and Z interactions have been discussed in Ref.y. Our results generalize 
the discussions in Ref.|5| to include Majorana neutrinos, active and sterile neutrino mixing, 
and new interactions. Specific examples which can realize all the conditions are discussed. 



II. DIRAC NEUTRINO OSCILLATION AND BERRY PHASE 

We start with the study of the Berry phase for Dirac neutrinos going step by step to 
identify the origin of Berry phase. The discussions in this section also serve to set up 
notations for the analysis in the other sections. Neutrino oscillations are due to the mismatch 
of mass and weak interaction eigenstates of the interaction Lagrangian. For Dirac neutrinos 
the relevant Lagrangian, in the weak eigenstate basis where the charged leptons are already 
in their mass eigenstate basis, is given by 

- - 9h^)fZ^ - -j=lLY^LW- + h.c, (1) 

/ cos uw V ^ 

where gy = — 2sir)? 9wQ f and gA = with /, T/ and Qj the Standard Model left- 
handed fermions and their corresponding isospin and electric charges. 

The mis-match of mass and weak eigenstates means that the neutrino mass matrix M is 
a non-diagonal matrix. M can be diagonalized to a diagonal mass matrix M by a bi-unitary 
transformation, so that M = U'MU'^ . Here U' and U are unitary matrices. When writing 
the Lagrangian in the mass eigenstate basis = Wu^ and z/]^ = U'^vr, the form of the 
first four terms does not change, with M replaced by M, but the W interaction term in 
the above equation changes to -{g/V2)l'^j''Uu^. U is the PMNsQ mixing matrix, and 
U' is the equivalent matrix for the right handed neutrinos which plays no further role in 
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our analysis as it does not enter the standard model interactions. By redefining the lepton 
field phases, for n generations of leptons, the mixing matrix U can be parameterized by 
n{n — l)/2 rotation angles and (n — l)(n — 2)/2 CP violating phases. 

A weak eigenstate of neutrino z/j of energy E produced in association with a charged 
lepton would propagate in vacuum as 



^^{t) = E f/.,e— ^^z/f (0) = Y: f/.,f/fc>.(0)e— (2) 

j jk 

Here pj = {E,pj) and \p\ = ^E'^ — ^ E — m'j/2E. 

The probability amplitude for observing a Uk neutrino at time t after the creation of a I'i 
neutrino, a distance L away in the direction of propagation, is given by 



|y4(z/j — > is the transition probability for Ui to Vk- 

The phases —x ■ pj in the above are usually referred as dynamic phases. Since we follow 
Berry's definition of Berry phase in terms of a parametric dependence of the Hamiltonian, 
and the phase depends on motion through a loop in parameter space 4], the dynamic phase 
—X ■ p will not contribute to the Berry phase. In order to study the Berry phase defined 



in Ref. 



one must separate the effects of the dynamic phases and identify phases which 
depend on some slowly varying adiabatic parameters in a given system. In the case of 
neutrino oscillation, we find that the slowly varying matter background can be identified as 
the adiabatic parameter. 

In medium with a finite matter density neutrino propagation is different to that in vacuum 
because of the interaction of neutrinos with background matter. One can obtain the equation 
of motion in this case by integrating out the W and Z in eq. (0) obtaining the four fermion 
interaction term —V^GFi^Ll'^ijtJ.N + j'^N')h'L in the Lagrangian. In the Standard Model 
and A^' are diagonal matrices representing interaction of neutrinos with the medium due 
to W and Z exchange respectively. For the purpose of discussing neutrino oscillations in 
the sun and in the earth which are unpolarized, = e'j^e is the electron number density 
current and A^ = diag(l,0,0). This is due to W exchange between the neutrinos and the 
background electrons. A^' is a unit matrix with j'n =J2f fltif{Tl — 2Q f sin^ 6w) generated by 



Z exchange. The term proportional to A^' does not affect the mixing of the active neutrinos, 
and will therefore be ignored until section |3 A non-trivial effect will show up there when 
we discuss oscillations with sterile neutrinos. 
The equations of motion are given by 

lYd^UL - M^un - V2GFj>.YNiyL = 0, 

tl'^d^i'R - Mul = 0. (4) 

For a static case, = p{x)g^Q. Writing = e~'^^^il){x) for fixed energy E much larger 
than rrij, and assuming slowly varying density {pE)^^dp/dx << 1, the equation of motion 
for ip for neutrino beam travelling along x direction is given byj^ 

[E^ - M^M + dA - 2V2GfpEN]iI){x) = 0. (5) 

We have used the approximation '-)^'-)^{—idi)ip{x) ~ —Eip{x) for E » rrii. 

The above equation can be written as {id/dx + {E'^ - MW - 2^/2GFpENf/'^){id/ dx - 
(E"^ — M'^M — 2\^G F pE NY^'^)ip(x) = 0, where the assumption of slow variation is again 
used. For not too large density p(x), {E^ - M^M - 2^/2GfpENY''^ ^ E - M^M/2E - 
V-2G,pN, and one obtains the usual equation of mot.on for neutrmos ,n matter^, 



i-^ip{x) = —Hip{x), 
dx 

where A = ^/2GfP- 

One can write H in the following form 



H = E 



2E 



AN, 



(6) 



H 



E-A, 



^ - E ^ "^l + ^l + ^l ^ ^ 
2E 3 3 ' 



1 

2E 



( an ai2 ^ 

(322 

V '^13 '^23 '^33 / 



+ -2EA{26a6,i - 5,26^2 - 5.35,3). (7) 
Note that A is a traceless Hermitian matrix. 

/•X ~ ^ ^ 

^ ^ we find that ^p satisfies the following equation of motion 

i-^ip = Alp. (8) 
dx 
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For a uniform medium one obtains a solution for z/(t) similar to eq.(j2I), but with U 
replaced by the unitary matrix U which diagonalizes A, that is, A = UAW , and E — mf/2E 
by E — Xi/2E with \i/2E being the eigenvalues of A. The eigenvalues are given by 

Ai = 2scos(^/3), As = 2scos(^/3 + 27r/3), A3 = 2s cos(^/3 - 27r/3), ^ = arccos(tVs^), 
2^3 = Det(2Ei), 3s2 = |ai2p + |ai3p + |a23|^ + a?^ + a^2 + aiia22. (9) 

In this case all phases are dynamic again. No Berry phases are generated. 

In a non-uniform medium, a Berry phase may be generated. In this case the matrix U 
is now X dependent through its dependence on p{x). Writing the wave function %l)[x) in the 
diagonal basis of A, we have 

i^^-- = {A-iU^-^UU"', (10) 
ax ax 

where ip"^ = U^ip. 

Taking the second term on the right in the above equation as perturbation, in the adia- 
batic approximation, one obtains 

it, x)i = e-""' t/i,e+n.e^r(^-^./2E)'i-^,rn(o), (n) 



where 7^ is given by 



£(U^i^Uhdx = I J^iU^vUhdp. (12) 



7i 



In the above we have allowed (as will be important later) for the density parameter to be 
multi-dimensional, "v" is the gradient taken in density parameter space p. The position 
L is chosen so that p(0) = p{L), following Berry's prescription, and C is a closed curve in 
parameter space. This is the Berry phase in neutrino oscillation. 



III. CONDITIONS FOR A NON-ZERO BERRY PHASE 

Using the above definition of Berry phase in neutrino oscillation, certain conditions have 
to be satisfied to generate a non-zero Berry phase. We now discuss these conditions. 

The matrix U must contain complex phases in order to have a non-zero 7j. Therefore 
there must be at least three neutrino mixing to have a Berry phase since with two neutrino 
mixing with just W and Z interactions, the matrix U can always be made real. 
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A non-zero {W Vp is not a sufficient condition for a non-zero 7^-. It is important 
to realize that the matrix U is not uniquely defined. Because the matrix A is diagonal, if 
P = diag(e^^S e*^2^ e*^3), then 



PAP* = A, thus A = uAfj^ = jjPAP*Ul 
Thus both U and U' = UP diagonalize the matrix A, but as 



(13) 



(14) 



after integrating over the closed loop C, the term proportional to vanishes. Thus the 
Berry phase is independent of the choice of the matrix U. One may regard the transformation 
U —>■ UP a.s a gauge transformation, and the Berry phase is a gauge independent observable. 

The phase 6j can be viewed as a pure gauge transformation of Berry phase. If one can 
find a gauge in which the Berry phase is zero before integrating over C, the phase is not 
physical and can be gauged away. 

We illustrate this phenomenon by considering the case of three generations. One way to 
obtain the matrix U is by requiring 



fUu\ 
{2EA - \) = 0. 

\Uz^) 

For the AN given in eq.©, using the ffist two rows in eq. ()15|) . we can write 



(15) 



(Uu\ 

U2r 
\U,r) 



( 



1 



0-22 — Ai)ai3 — 023^^12 



(ail — Ai)a23 — ai3ai2 
V ai2al2 - ('^22 - Ai)(aii - \i) j 



Here Nj is the normalization constant. One obtains 



(16) 



1 

,2 \2 



Im(ai3ai2a23j — (022 - an, 



— ( 

dx 



1 d 



zAm2iAm3iAm32lm(f/2if/2*3f/33f^3*i)]^^(«22 - an). 



(17) 



Since d{a22 — au)/dx = — {8\/2/ 3) EG pdp/dx 7^ 0, it seems that a non-zero Berry phase has 
been generated. 
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On the other hand, one can also obtain Uij by using the last two rows of eq. ()15p to 
obtain 



For the AN given before ^(033 — a22)/dx = 0, this gives a zero Berry phase. 

However, when we integrate the non-zero result in eq. ()17|) from x = to x = L the 
result is proportional to p{L) — p(0) which vanishes. No Berry phase can be generated with 
one varying density. 

In order to generate a non-zero Berry phase, one must go to a multi-dimensional parame- 
ter space. This can be achieved if an depends on more than one density pi. This may happen 
if neutrinos interact with quarks through beyond the SM interactions, or if there are sterile 
neutrinos mixed with active neutrinos, and therefore the oscillation in medium depends on 
the neutron density also. In some astronomical and cosmological circumstances, there may 
be significant electron neutrino densities Ijj], as well as a background electron densities. 
Although the neutrino-neutrino interactions are generated by Z exchange, when electron 
neutrinos interact with electron neutrinos both direct and exchange diagrams contribute, 
while when neutrinos of other flavors interact with the electron neutrino background, only 
the direct diagram is possible. Thus the neutrino-background neutrino interaction is not 
proportional to a unit matrix in A^. In the early universe, significant muon and tauon den- 
sities may occur. For all of these cases that the interaction matrix depends on more than 
one density. The Berry phase developed can then be written as. 




(18) 



One then obtains 




(19) 




(20) 



After a cyclic motion, one obtains 
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= t I ivU^ X ^U)j, ■ dS, (21) 

S 

— * 

where 5* indicates the area enclosed by the path p after a cychc motion. Note that any 
pure gauge terms are ehminated since a curl is taken, and v x \/6j = 0. Alternatively, we 
may say that a non-zero value of indicates that the function {U^\/U)jj is not a perfect 
derivative. We find the Berry phase after a cyclic motion to be given by, for both of our 
examples in eqs. (fTBjl and (fTHj) . 

2 A 2 a 2 a 2 t /TT TT* TT* TT \ f •^i(V'^33 X V'^22) ' dS . . 

li = 3 A"^21^"^31^"^32lm(f/2lf/23t^3lf^33) ^^2 _ ^2)3 " (^2) 

The above result agrees with that obtained in Ref. 0]. 

Assuming the interaction matrix AN depends on two varying independent densities, p 
and p', with the entries \/2G piduP + Ci'uP') (traceless), we have 



(V«33 X va22) • dS = {2V2EGFY{aiia22 - a22a[^)dS. (23) 

It is clear, from the above discussions, that in order to have non-zero values for the Berry 
phase 7j in neutrino oscillation, there must be at least three generations of neutrinos with 
non- vanishing CP violating phases, and the neutrino must propagate through a background 
medium with which it interacts through at least two independent densities. 



IV. MAJORANA NEUTRINO OSCILLATION 



We have seen in the previous discussions that CP violating phase in the mixing matrix 
plays an important role in generating a non- zero Berry phase. In the case of Dirac neutrino 
this requires that there are at least three generations of neutrinos. In the case of Majorana 
neutrino, there are CP violating phases even with two generations. One might naively expect 
a non-zero Berry phase with two generations. We now clarify whether CP violating Majorana 
phases can play a role in generating a non-zero Berry phase. The relevant Lagrangian for 
Majorana neutrinos is given by 

hM - 9hr>)fZ' - Ahl^^LW- + h.c, (24) 



2 COS dw V2 
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where i>1 = CuJ^ and C = ^7^7''. 

The mass matrix M is symmetric in this case, and can be diagonahzed in the following 
way M = a*U*P*MP*Wa*, where a = diag(e*^i, e*^^^ e*'^^) and P = diag(l, e^"^ e*"^) are 
diagonal phase matrices. The phases in a can be absorbed into redefinition of charged lepton 
fields. In the neutrino mass eigenstate basis, the charged current interaction term can be 
written as -{g/V2)lLYUPiyLW-. 

When neutrinos pass through a medium, an interacting term —\/2GFjfj.i^L7^NuL needs 
to be added to the Lagrangian. One obtains the equations of motion as, 

t^d^UL - M^ul - V^Gpj^-f^'NuL = 0, 

i^^d^vl - MuL + V2Gfj,^^NvI = 0. (25) 
Expressing the above equations in the form involving just v^, we have 
[-a^ - M^M - V2GFiYdf,{juYN) 

+V2GFj.YM^N{M^)-\iYd^ - V2GfJ^.1^N)]vl = 0. (26) 

In the above we have assumed that none of the neutrinos has zero mass. We have in mind to 
see if there are just two generations of neutrinos a non-zero Berry phase can be generated. 
With two generations, if one of the neutrinos has zero mass, the Majorana phases in P can 
be completely removed and therefore no Berry phase can be developed. We need to discuss 
the case where exists. 

The first three terms in eq. (j26|) are the same as the equation of motion for Dirac 
neutrinos. Since M^M = UPM*PU^ * U*P*MP*W = UM^W, the Majorana phases do 
not appear in the first three terms. The Majorana phases may appear in the additional 
two terms. However, we note that the term {i'y^d^ — ^/2GF'J^jfiN)uL is of order M'^u^- 
Compared with the third term there is a suppression factor M/ E. For practical applications, 
M/ E is much smaller than one and can be safely neglected. With this approximation, one 
therefore concludes that no effect of Majorana phases will show up in neutrino oscillations. 
One obtains the same equation of motion for Majorana neutrinos as for Dirac neutrinos 
with the sam e ap proximation: CP violating Majorana phases do not play a role in neutrino 
oscillation^, licl |. We do not agree with the equation of motion for Majorana neutrinos 



obtained in Ref. 
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V. ACTIVE-STERILE NEUTRINO OSCILLATION 



The above discussions clearly show that in order to have a non-zero Berry phase, there 
must be at least three generations of neutrinos no matter whether they are Dirac or Majorana 
neutrinos. Can the situation be changed with further modifications? In the following we 
consider two examples where a non-zero Berry phase can be developed with just two active 
neutrinos. 

Our first example involves active and sterile neutrino oscillations. Light sterile neutrinos 

n 

z/)j may be needed if the LSND result |13l| for neutrino oscillation is confirmed. The La- 
grangian describing light left-handed active and light sterile neutrinos is similar to eq. (|24j) . 
but with replaced by {vl, u"^)^ and the mass matrix M replaced by 



where the different terms are defined by terms in the Lagrangian: —{1/2)i>1MllI'l, 
-vrMdVl and -(l/2)z/^M^z/^. 

The matrices and A^' are still diagonal, with = (iia5f(l, 0, 0, 0), and A^' = 
diag{Ina,,OnJ- Here Ua and Ug are the numbers of the active and sterile neutrinos. The 
n X n matrices /„ and 0„ are a unit matrix and a matrix with all elements equal to zero, 
respectively. The matrix A^ plays the same role as discussed earlier. The matrix A^' which 
was ignored can no longer be ignored because it is not a unit matrix and will affect mixing 
in matter To have some specific idea on how A^' affects oscillation, let us consider a 
simple case with two active and one sterile neutrino oscillation. This is effectively a three 
generation oscillation with the A^' term included. 

One can obtain the equations of motion for the present case by replacing several quantities 
in relevant equations. These are 

1. replacing AN in eq. © by AA^ + BN', where B = V2Gfp' with p' = Ef PfiTi - 
2 sin^ 6*^/(5/) = (-1/2 + 2sin^ 6'h^)p + (1/2 - 2 sin^ 6'iy)pp + (-l/2)p„ with p, pp and 
Pn being the background electron, proton and neutron number densities, respectively; 

2. replacing Aj'i in eq. ((Zj) by Aj'i + UaBj'i in the expression for E\ 




(27) 
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3. replacing the term in 2EA proportional to A by 2V2EGF{ANij + BN^j - (1/3) (A + 
In particular, 

+ i2Ev^G^(25,i5,i(p + ^p') - 5,25i2(p - p') - 5^35,3(1 + 2p'))- (28) 

An interesting feature in the present case is that in the diagonal entries an of the Hamil- 
tonian, more than one densities naturally appear which is a necessary condition for Berry 
phase. Assuming two active and one sterile neutrino mixing with the neutron density to be 
independent from the electron density in a neutral medium, like the sun and the earth, we 
obtain 

(Va33 X va22) ■ dS = {2V2EGFYldS. (29) 



Here the surface is the one spanned by the densities (p, p„) for the closed loop "C" . 

It is possible to have a non-zero Berry phase in oscillations of two active and one sterile 
neutrinos, as long as there are CP violating phases in the mixing matrix. One may wonder 
if there is a Berry phase with one active and two sterile neutrino mixing. The result is 
negative. In both cases, two active and one sterile, and one active and two sterile neutrino 
mixing cases, the mixing matrix U contains CP violating phases. However the later case 
has = 0,33 which results in a zero Berry phase as can be seen from eq. ()19p. Obviously 
with more numbers of active and sterile neutrinos mixing, the conditions for generating a 
non-zero Berry phase can be realized. 

VI. NEW INTERACTIONS 

We finally consider a case with new interactions. These interactions may be CP violating 
and flavor changing. A possible form of interaction interesting to us is R-parity violating 
interactions jl^. \XijkL\L^j^E'^^ , X'^ji^Uj^Q-'j^D'^ , where Ll, Er, Ql and -D^ are the chiral 
lepton doublet, charged lepton singlet, quark doublet and down quark singlet in the super- 
symmetric extension of SM. The quark super-multiplets are also color triplet, i, j, and k are 
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flavor indices. Xijk is anti-symmetric in exchanging the first two indices. This interaction 
will not change the PMNS mixing matrix and neutrino masses, but will change the neu- 
trino interaction in matter. For example, exchange of right-handed sleptons and squarks 
can generate an interaction Lagrangian given by 

^ ^lik^ljk -j a i - , \lk^'jlk -jail i /on\ 

Unt = <l'^^L(^Llf.e + -^-^ui^'^U^dL^^dL. (30) 

The first term in the above Lagrangian has the same form as exchange of W between electron 
and neutrino. The second term is different. When neutrinos are passing through matter, 
this term will generate a term proportional to the neutron and/or proton density in the 
Hamiltonian. The neutron density can be independent from the electron density. For two 
generation case, the interaction matrix AN defined earlier is modified to be 



AN = 


(a, 


Au^ 


= V2Gf 




A* 

\ ^12 


A22 ) 





pan + p'a'n 



-iSi' 



, (31) 



where a,,- = IXukXliul / 4:^/20 prn^k , and 5i2 is the phase of \iikXlju/rv?k ■ Similarly for the 
primed quantities. CP is violated if sin(5i2 7^ or sin 7^ 0- P is the electron density in 
the matter, p' includes proton and neutron densities in matter which come from the second 
term in the above Lagrangian. p' can be independent from p. There are constraints on 
the allowed size for the R-parity violating interactions aij and a'^j can be as large as 
a percent. Since our purpose is to demonstrate the possibility of having a non-zero Berry 
phase with just two neutrino generation, the actual number is not important for us. 
The quantities E and A in eq.(|7j) for the above case are given by 




E = E-^{ml + ml)- ^(An + A22), A = ^ 
an = cos(2^) - ^2^(^22 - An), 

ai2 = ^Am2isin(2^) +2EA12. (32) 



where Q is the vacuum mixing angle. The eigenvalues of the matrix lEA are A 



'afi + |ai2r and A2 = + |ai2r- 
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We find 



7j = 





Q12VQ12 - Qi2Vai2 
|ai2p 



■dS. 



4 Js Xj{Xj — ail) 



V X 



(33) 



To demonstrate that indeed the above can produce a non-trivial geometric phase, let us 
consider a simple case where an = a and ai2 = be^'^^ with a and b constants. Integrating 
over one period, x — 27r/a;, the geometric phase is given by 



Note that in the above example CP is violated because 012 is complex. 

We see that a non-zero geometric Berry phase can be developed in two neutrino oscillation 
if there are at least two independent varying matter densities, and also a non-zero CP 
violating phase difference in the off diagonal elements of the interaction matrix AN. The 
case can be easily generalized to the case with three neutrinos. 

VII. CONCLUSIONS 

We have studied Berry phase in neutrino oscillations for both Dirac and Majorana neu- 
trinos. In order to have a non-zero Berry phase there must exist at least three generations 
of neutrinos with CP violation in the mixing matrix and the oscillation must occur in a 
background with more than one varying densities if the interaction with matter is due to 
the standard model W and Z exchange. CP violating Majorana phases do not play a role 
in generating a Berry phase. 

If neutrino oscillations involve only active neutrinos, the interaction of Z boson exchange 
does not affect neutrino oscillations in matter. If there is active and sterile neutrino mixing, 
the situation changes and Z boson exchange does affect neutrino oscillations in matter. This 
scenario provides a natural setting to realize the condition of more than one density in matter 
since the Z boson exchange is sensitive to electron and also neutron densities in matter. 




) ■ 



(34) 
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With new CP violating and flavor changing interactions, it is possible to have non-zero 
Berry phases even with just two generations, but the interactions must still depend on two 
independent densities in the background medium. 
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